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Abstract

In this paper, the differential quadrature method (DQM) was employed to study nonlinear analysis of annular isotropic membrane in
which an attempt was made to explore the applicability and accuracy of DQM for nonlinear analysis of a structural membrane. For this
purpose, the large deformation analyses of symmetric circular membranes were investigated. Relaxed strain energy function in conjunc-
tion with Green’s strain and perfectly flexible assumptions was utilized for modeling the nonlinear behavior of the membranes. The
nonlinear governing equations were discretized at whole domain grid points, and boundary conditions were implemented exactly at
boundary grid points. Comparative studies were made between approaches for different boundaries. Convergence of the methodology
was demonstrated, and the results were compared with existing solutions of other methods, such as dynamic relaxation. It was shown that

accurate results were obtained even when utilizing only a small number of grid points.
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1. Introduction

Membrane structures have long been under consideration as
structural elements because of advantages such as high
strength to weight ratio and low cost. In exterior wall systems
and roofing systems, the term membrane is widely utilized to
refer to a relatively thin, usually flexible layer of material
within or at the surface of a building enclosure system.

The theory of mechanics and performance of the tensile
structure is well established by Otto [1] and many others. De-
formation and stress analysis of these particular structures are
associated with solving the nonlinear behavior of structures
that originated from the large deformation and nonlinear re-
sponses of materials. There are various choices to analyze and
solve membrane equations. One of the most significant meth-
ods is dynamic relaxation, which was utilized by Atai and
Steigmann [2] and Haseganu and Steigmann [3]. In this meth-
odology, the different forms of the equations of equilibrium
are derived using Green’s theorem, and dynamic relaxation
(which considers the problem as a damped dynamic one) is
applied to solve the equations. Much research work has been
published on developing an appropriate wind testing protocol
for the single-ply membrane roof system [4-6].
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The commonly used numerical methods in structural me-
chanics analysis are the finite element method, finite differ-
ence method, boundary element method, and Rayleigh-Ritz
method. As an efficient alternative numerical tool, differential
quadrature methods (DQMs) have been used for structural
analysis. Details on the development and applications may be
found in the review paper by Bert and Malik [7]. Among the
different approaches for determining the weighting coeffi-
cients [7], Lagrange interpolation functions and trigonomet-
ric/harmonic functions are the most popular test functions.
The applications of polynomial differential quadrature (PDQ)
for thin beams and plates and also for rectangular thick plates
were carried out by Malekzadeh [8]. Liew and Han [9] em-
ployed the DQ method to present the bending analysis of sim-
ply supported thick skew plates based on the first-order shear
deformation plate theory.

In this paper, the capabilities of DQ methods for deforma-
tion analysis of flexible membranes’ deformation in three
dimensions are investigated. There is clearly a need to study a
new speedy accurate methodology on membrane structures
with a small number of grid points. This paper applies theory
of elastics to membrane and discretizes the resulting equations
in the axial direction by DQM and, for the solution procedure,
develops a theory to model the membrane structures in vari-
ous boundary conditions.
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2. Mechanical characteristics of the three-dimensional
flexible membrane

2.1 Continuum mechanics

In this section, we discuss the analysis of perfectly flexible
elastic surfaces, so we consider the reference configuration to
be flat and stress-free. In addition, we assume that the refer-
ence configuration occupies a bounded region 2 in the (x;, x)
plane with piecewise smooth boundary 0Q . Each point of the
membrane in this configuration is identified by its position
vector X =x_ e, , where the Greek indices range over {1, 2}
and {e,, e,} is a fixed orthonormal basis that spans Q.

A general three-dimensional (3D) deformation maps the po-
sition vector X to the deformed position vector y(X) = y,(X)e, ,
where the Latin indices range over {1, 2, 3} and e, =¢ xe,.
The deformation gradient F, which maps the element dX in
the reference plane onto dy(X)=FdX tangent to the de-

formed surface, can be expressed by
F(X) = grad(X) = F,(X)e, ®e,. (1)

Then as in convectional continuum mechanics, the associated
Cauchy-Green strain tensor is

C=F"F=C,e, ®e,. 2)

It can be easily seen that C is a positive semidefinite tensor
and, therefore, it can be represented in the following spectral
form:

C=2"u, ®u, + A u, Qu,, 3)

where u; andu, are the orthonormal principal vectors of strain
and A, =|Fu,|=(u,.Cu,)"*. These can be used to define the
unit vectors:

U,=2,""Fu,,a=1.2. @)
The Cauchy-Green strain tensor is

C="u, ®u, + 1 'u, ®u, )
+ AU, U, (1, ® uy +u, ®uy)

As in the elastic curve, we assume the existence of a strain
energy W, per unit area @, that responds only to changes in
the local intrinsic or metric geometry of the surface. This for-
mulates the intuitive notion of a perfectly flexible membrane.
Thus, we assume that

W(F)=W(F"F)=W(C). (6)

It can be easily seen that W is invariant under a superim-
posed rigid motion. Non-uniform elastic properties may be
taken into account by letting W depend explicitly on X.

The surface analog of the second Piola-Kirchhoff stress is

S:Saﬁea®eﬁ; Saﬂ:al+6l. (7)
0C,, 0C,,

The Piola stress is

T=FS=T. ®e,. (®)

If the surface is in equilibrium under applied or reactive
edge forces, and the distributed forces are negligible, then the
Piola stress must satisfy

divT =0 inQ )

For isotropic materials, the strain energy is expressible as a
symmetric function of the principal stretches:

W(F)=W(C)=w(,14). (10)

Then the Piola stress can be calculated from

T=wU, ®u +wU, ®u,, (11)
where

w, =ow/dA,. (12)
2.2 Relaxation theory

Although it seems the calculation ended by satisfying the
Piola stress in the equilibrium equation, because of the fact
that the membrane cannot withstand in-plane compressive
loading, we utilized relaxed strain energy, which is described
as

We(A2a) = wlhy, ) if (13)
A 2v() A 2v(4),

Wolhad) = W(4) if (14)
4212, <v(4)

Wohs ) = W(4y) if (15)
A, 21,4, <v(4) and

We(Ady) =0 if (16)
A <L <1,

v(x) is a solution of

w, (x,v(x)) = w (v(x),x) = 0 an

and called the natural width in simple tension.

In this study, we used several membrane strain energy func-
tion whose relaxation meets the foregoing conditions. Each of
these involves a material constant # with dimensions of
force/length (or energy/area).

As mentioned above, the relaxation of the Neo-Hookian
[10] strain energy is defined by
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W () =1 2u(A) + 22 +1/ 2222 =3), (18)
W(x) =1/2u(x* +2x7" =3),v(x) =x""% (19)

The relaxed form of the Varga [11] strain energy is given by

W (A 2y) = 200 + 2 41/ 22 =), 20)
Ww(x) =2u(x+2x7"* =3),v(x)=x"" 2n

3. Review of the differential quadrature method

The method of differential quadrature is based on the idea
that the partial derivative of a field variable at the ith discrete
point in the computational domain is approximated by a
weighted linear sum of the values of the field variable along
the line that passes through that point, which is parallel with
the coordinate direction of the derivative [7]. Consider a two-
dimensional field variable u (x, y). Its mth-order derivative
with respect to x, and its (m+n)th order derivative with respect
to x and y are approximated as

amu N, —(m)

| = 2o A u(x,p,) s 22)
ox =

0""u = (m)—(n)

|y = 2 A Ajr u(xy, 23
6xmayn (x;5;) ; k J ( k yl) ( )

>

There are two key points in the successful application of the
DQM. One is how to determine the weighting coefficients,
and the other is how to select the grid points. The method
developed by Shu and Richard [7] is claimed to be computa-
tionally more accurate than other methods. According to the
Shu and Richard rule, the weighting coefficients of the first-
order derivatives in the & direction (& = x or y) are determined
as

M)

——%__ for 2
a M (E,
i (s f,) () ’ 24
- z Z,(-,l) for i=j
where
M= ] G-¢) @5)

It was demonstrated that non-uniform grid points give a bet-
ter result with the same number of equally spaced grid points
[7]. In this paper, we chose this set of grid points in terms of
natural coordinate directions x and y as

71 3 (i-DHrx
é—z{l cosli(Ng_l)H. (26)

4. Numerical results

Although the governing equations for the membrane could
be written in terms of y(x) and its derivatives, the resulting
equations will be highly complicated and second- and higher-
order derivatives must also be formulated using DQM and
incorporated into the equations. Also, some parameters of
interest, such as principal stretches and stresses, must be later
computed from yp(x) and its derivatives in the post-
processing phase. To avoid these, the following parameters
are treated as unknown in the procedure: y(X), principal
directions U, and u,, stretches, and components of the Piola
stress 7. In this way, the governing equations remain as first-
order differentials, and it will be also easier to apply boundary
conditions.

By discretizing all equations in each grid point, we achieve
the following equations:

N, N,
§A~“ T ¥ nzle*z WJT2,=0, 27
Ny N,
;A*‘ W+ Z; A2, T%, =0, (28)
Ny N,
;A'“ w0 + ;w T2, =0. (29)
4.1 Example 1

In this section, we try to calculate plane deformation. A
Varga annular membrane bounded by concentric circles is
considered first. Fig. 1 shows the meshed initial configuration
used for the computation. The ratio of the radii of the internal
and external circular boundaries was taken to be 0.5. Without
imposing any symmetry on the free nodes, the outer boundary
was displaced radially as specified below:

1
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0.4+

0.2

-0.2

-04}

-0.6-

-0.8-

-1 1 1 1
-1 08 06 04 02 0 0.2 04 0.6 0.8 1

Fig. 1. Meshed reference configuration of an annular membrane.
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rlr,=05, p,/r,=12. 30)

r is the undeformed radius, and p is the corresponding de-
formed radius at each point in the membrane, and indices i
and o refer to the inner and outer boundaries, respectively. The
boundary condition for this situation can be expressed in dis-
cretized form as below (for nodes on external circular bound-

ary):

py, =12xr, . GD
For traction-free inner boundaries:

T.N=0. (32)

N is the outward unit normal to the boundaries.

The deformed configuration of the mesh is represented with
continuous lines in Fig. 2. The credibility of the solution pro-
cedures for large deformations and stress analysis of isotropic
annular membranes were further examined by comparing the
solutions with those of exact solutions obtained by analytical
equations for Varga annular membranes, which is explained
below.

By assuming biaxial tension everywhere in the membrane
and based on the stretches belonging to the first branch of the
relaxed Varga strain energy, the equilibrium equation reduces
to:

—4uJ Fgradl =0, (33)
where
J =22 _ Const. (34)
r

Applying this to the boundary condition yields

p(r)=[ps = I =) . (35)

0.5+

0.5 T 1.5

xe

Fig. 2. Deformed configuration.

We use the coupling condition to calculate J:
S/ 1= 2p(1=2,(1)/J?) . (36
However from Eq. (35):

=21 - {(p) Ly - 1]} . G)

i i i

Therefore we will have

() =220 (38)

or

Fig. 3 shows the comparison of distribution of analytical
and numerical radial and hoop stretches versus radius for the
particular case that consists of 11 Chebyshev-Gauss-Lobatto
divisions radially and 50 equally spaced divisions circumfer-
entially. The solid curves show the analytical results, while the
squares show the numerical values for the hoop and radial
stretch. From the results presented in Fig. 3, an excellent
agreement can be seen between the solutions of the present
method and that of the other analytical method.

—— Analytical
—&3 - 50X11 0DQM

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
rsr,

Fig. 3. The comparison of distribution of analytical and numerical
stretches (50x11).

1.5 : T T T T T

o ——  Analytical
-2- 50X11 DQM
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. - 40X11 DOM

rsr,

Fig. 4. The comparison of distribution of analytical and numerical
stretches in different meshes.
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The effects of the different values of the radial and circular
meshes on the convergence and accuracy for annular mem-
branes are presented in Fig. 4, in which radial and circular
meshes that trigger high accuracy solutions are shown.

Additionally, the preference of the solution procedures for
large deformation analysis of annular membranes was further
examined by comparing the solutions with those of other nu-
merical solution, such as Dynamic Relaxation (DR) obtained
by Atai [2]. Excellent agreement of the two approaches, i.e.,
DQM and DRM with analytical approach, and less computa-
tional effort of the present DQM (50x11) with respect to
DRM (72x11: +30%) depict the efficiency of the present
DQM as a methodology for nonlinear analysis of annular
membrane (Fig. 5).

1.5

— Analytical
—B-50X11 DOM
=% -72X11 DR

1.4

1.3+

1.21

AuA;

11

0.9

0.8 L L L L L L I L L
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

r/r,

Fig. 5. The comparison stretches between DQM (50x11) and DR
(72x11).
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Fig. 6. Meshed reference configuration of an annular membrane.

4.2 Example 2

In this section, we try to calculate combined twist and lat-
eral deflection in a Neo-Hookean membrane. A circular annu-
lar membrane with a 0.5 ratio of radii of the internal and ex-
ternal boundaries and with meshed reference configuration as
in Fig. 6 was considered. Holding the external boundary fixed,
the ratio of the radii was reduced to 0.25. The boundary condi-
tion for this situation can be expressed in discretized form as
below (for nodes on the inner circular boundary):

Py =0.25. (39)

This intermediate deformed configuration is represented in
Fig. 7. Wrinkling occurred in a zone immediately adjacent to
the inner boundary. The radial tension trajectories indicate the
extent of the wrinkled region. Next, the inner boundary was
displaced vertically by an amount equal to the radius of the
external boundary. As can be seen in Fig. 8, the extent of the
wrinkled region decreased. This is followed by a 90° counter-
clockwise rotation of the inner boundary. The deformed con
figuration of the mesh is shown in Figs. 9 and 10. The mem-

0.8-

0.6

0.4

0.2

Fig. 7. First stage: Radial displacement, and reduction in circumference
of the inner boundary of the circular membrane.

Fig. 8. Second stage: Combined radial displacement and lateral deflec-
tion of the circular membrane.



708 A. A. Atai and M. Mozaffari / Journal of Mechanical Science and Technology 24 (3) (2010) 703~709

Table 1. Comparison of Ayax in different deformation stages.

Deformation Stage Aax
Haseganu [3] DQM
72x11 9x50 (=43%)
Stage 1 1.82 1.8282
Stage 2 3.39 3.3912
Stage 3 3.98 3.9865

/7
=

il
)

[/
i
i

Fig. 9. Third stage: Combined radial displacement, lateral deflection,
and twist of the circular annular membrane.

Fig. 10. Third stage: Combined radial displacement, lateral deflection,
and twist of the circular membrane.

brane was tense elsewhere. The extent of wrinkling increased
with the increase in rotation angle and dimensioned with in-
creasing lateral displacement. This behavior is in qualitative
agreement with the analysis of Roxburg and Steigmann, in
which axisymmetry was assumed at the outset, and a more
refined strain energy function was used.

The maximum principal stretch computed increased from
1.8282 in the solution represented in Fig. 7 to 3.3912 for the
solution in Fig. 8 and finally to 3.9865 for the solution in Fig.
10. It occurred in all three cases on the circle of the inner
boundary. The last two values are outside the range for which
the Neo-Hookean material furnishes quantitative agreement
with experimental data on rubber. Finally, this methodology
and the dynamic relaxation method released by Haseganu are
compared in Table 1, in which one can see the excellent rate
of convergence and accuracy.

5. Conclusion

The applicability and efficiency of the DQM was investi-
gated for nonlinear structural analysis by considering the large
deformation analysis of annular isotropic membranes. An
excellent rate of convergence was demonstrated, and the re-
sults are in good agreement with the solutions of other meth-
ods even with a few number of grid points in all examples
presented.

In the numerical examples, the effects of plane deformation
and combined twist and lateral deflection on the nonlinear
behavior of annular membranes under different boundary
conditions were studied. Excellent agreement of the DQ ap-
proach and less computational effort of the present DQM with
respect to the dynamic relaxation method depict the efficiency
of the present DQM for nonlinear analysis of isotropic mem-
branes. This methodology can be used as an efficient numeri-
cal tool for the solution of nonlinear structural membrane
problems.
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